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It is shown that the fundamental results obtained in the works by Levine, Polevoi, Rytov (1980) 
and Polevoi (1990), based on the fluctuation-electromagnetic theory by Levine and Rytov, 
adequately describe the rate of radiative heat exchange and the frictional force in a system of two 
parallel thick plates  in relative lateral motion. A numerically calculated friction force for good 
metals and thin gaps turns out to be by a factor 107 higher than earlier obtained by Polevoi and 
increases with increasing conductivity of the metals. 
 
1. Introduction 
Fluctuation-electromagnetic theory formulated by Levine and Rytov [1] is an extension of 
Rytov’s theory [2]. In [1], the spectrum of electromagnetic fluctuations of a heated body at an 
arbitrary distance from the surface of the body is expressed through mixed losses of the two 
point-dipole sources nearby it, which are calculated from the solution of regular electrodynamic 
problem. This is the essence of the generalized Kirchhoff’s law, which represents the form of a 
fluctuation-dissipation theorem.  
     Within the framework of theory [1], expressions for the rate of heat exchange between the 
two semi-infinite  media (thick plates) separated by a vacuum gap of  finite width were obtained 
[3, 4], as well as the dissipative frictional force, arising in the case of relative lateral motion of 
one of the plates [5]. The first calculation of radiation heat exchange (within the framework of 
theory [2]) between the two plates in rest was carried out by Polder and van Hove [6] assuming a 
simpler case of two identical plates and a small temperature difference between them. In contrast 
to this, in [3, 4] media 1 and 2 were assumed to be homogeneous and isotropic with 
permittivities and permeabilities 11 , µε  and 22 ,µε , being the complex functions of the frequency 
ω . Moreover, the general case of anisotropic media was also examined. Later, similar problems 
were solving by a number of authors, but the formula for the thermal energy flux was reproduced 
in many cases either without references to [3, 4] (see, for example, [7, 8]) or in another 
equivalent form [9, 10].  
      The situation with work [5] turned out to be much more dramatic: in the final formulas for 
dissipative frictional force in the linear velocity approximation, reported by Polevoi [5], the 
 dependence 3/ cVF ∝  has appeared ( c  is the speed of light in vacuum), whereas later several 
authors obtained linear in V and independent of c expressions for this force (at a finite 
temperature of the plates) [11, 12], or dependence 3~ VF   in the quantum zero-temperature 
limit [13]. These contradictions "poured fuel to the fire" of a lengthy discussion on the 
magnitude of the dissipative force, which has been started even earlier [14] and is being not 
completed so far [10-13, 15-17] (for many other references see in [18, 19]). 
      In this work we show that the basic results for the friction force obtained in [3-5] are 
completely consistent with all results obtained by other authors later, while the dependence 
3/ cVF ∝  and a very low numerical value of the frictional stress (about 214 /10 mN−  for metallic 
plates at room temperature, at a gap width of 10 nm  and a relative velocity of sm /1 ), is due to a 
special form of material properties of interacting bodies. We have recalculated numerically the 
frictional force for good nonmagnetic metals using the dielectric permittivity ωπσωε /4i)( =  
( −σ the conductivity) and obtained much higher values (by 107 times) in the case of thin gaps. 
Moreover, a striking fact is that the friction force between the metallic plates increases with 
increasing conductivity.    
 
2. Problem statement and general expression for the tangential force by Polevoi  
 
In a system configuration used by Polevoi  [5], the Cartesian laboratory coordinate system fixed 
in (plate) 1 (Fig.1) is chosen so that the axis 3xz =  is orthogonal to the boundaries of the plates, 
the axis 1xx = , without loss of generality, is parallel to the velocity V of plate 2, the axis 2xy =  
(not shown in Fig.1) is orthogonal to the x  and z  axes. The temperatures of the plates are held 
constant at 1T  and 2T , respectively. 
      Following [5], the resulting force densities  F1  and  F2  acting on a unit surface area of plates 
1 and 2 differ only in sign: VF /21 VFF −=−= , where F  is the modulus of the dissipative 
tangential force F  per unit area of the moving plate 2  in the laboratory reference system 
associated with  resting plate 1. It is expressed in terms of the heat fluxes 1P  and 2P  from plates 
1 and 2 (per unit area), the flow 1P  being calculated through the Poynting vector in the reference 
frame of  plate 1, and the flow 2P  from plate  2 is calculated in its rest system: 
                                                        ( )γ/1 21 PPVF += ,                                                                (1) 
 
 
      
 
where cVuu /,)1/(1 2/12 =−=γ . The heat fluxes 1P  and 2P  are given by 
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where −h the Planck constant, −= ),( 21 kkk  a two-dimensional wave vector coplanar to the 
plates, )(~ kV−= ωγω , uV == uV , , ( ) hh /,1)/exp(/),( TT TT =−=Π ωωωωω , T  is the 
temperature in energy units and the integration is performed over the entire space of wave 
vectors. The function  ( )uk,,ωM  has the form  
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where ( ) 2/111221 )/( µεω ckq −= , ( ) 2/122222 )/( µεω ckq −= , ( ) 2/122 )/( ckq ω−= . The branches of 
the square roots are chosen to satisfy 0Re 2,1 >q  and parameter β  is given by 
22
2222
~kk
kqu ⊥= γβ .                                                                                                                            (5) 
Here   
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γγ −−+= 2 )()1(~  (k~ – wave vector in the rest frame of 
plate 2), the tilde means that the corresponding quantities depending on ω  and k  are taken at  ω~   
and k~ . The quantities QQQQQ ,,,, εµµεµε  in (4) are given by ( a  is the gap width in Fig. 1) 
 
( )( ) ( )( ) )exp(~/~/)exp(~/~/ 22112211 qaqqqqqaqqqqQ −−−−++= εεεεε ,                                    (6) 
  
( )( ) ( )( ) )exp(~/~/)exp(~/~/ 22112211 qaqqqqqaqqqqQ −−−−++= µµµµµ ,                                   (7) 
 
( )( ) ( )( ) )exp(~/~/)exp(~/~/ 22112211 qaqqqqqaqqqqQ −−−−++= µεµεεµ ,                                   (8) 
 
( )( ) ( )( ) )exp(~/~/)exp(~/~/ 22112211 qaqqqqqaqqqqQ −−−−++= εµεµεµ ,                                  (9) 
 
( )( )12211122 )~~(1)(1~4 −− −−−= µεµεµβµε kQQQ .                                                                         (10)      
 
We retained all the notation used in [5] with a single replacement  κ, →21,κκ k, 21,kk .                              
 
3. Transformation of the general formula for 1/ <<= cVu  
 
In the case 1/ <<= cVu , we have kk == ~,0β , and (4) with allowance for (10) reduces to 
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Using (11) and the identity 
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as well the analogous identity with the permutation 2211 ~~, µεµε ↔↔ , Eq. (1) for 1P  reduces to 
Eq. (6) in [3] for the spectral energy flux density of the thermal field (since 22~ qq = , 22~ εε = ). In 
this case, 21 PP −= , 21 PP = , and the different sign of these quantities is due to the different 
direction of the flow of thermal energy  relative to the plates. 
     At 0≠V , using (6), the expression for 2−εQ can be rewritten in the form   
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with allowance for the obvious permutations meme 22112211
~~,,~~, ∆→∆∆→∆↔↔ µεµε . 
     The integrals in (2), (3) contains the contributions from inhomogeneous (evanescent) waves 
( ck /ω> ) and from traveling waves ck /ω≤ . At ck /ω>  we have 
),2exp()2exp(, qaqaqq −=−= and (12) takes the form 
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At ck /ω≤ , correspondingly, 1)2exp(,i =−−= qaqq  and  
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Identities analogous to (14), (15) can be easily written with the 
permutations meme 22112211
~~,,~~, ∆→∆∆→∆↔↔ µεµε .   
     Substituting (11)–(15) into (1)–(3), and taking into account the analytical properties of the 
function ( )uk,,ωM , namely [5] 
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we obtain the following expression for the tangential force acting on the moving plate 2 in the 
laboratory coordinate system (negative values of xF  correspond to the dissipative frictional 
force) 
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 where )2exp(~1 21 qaD eee −∆∆−=   and the terms )( me ↔  are determined by the same integrals 
by replacing meme 22112211
~~,,~~, ∆→∆∆→∆↔↔ µεµε . It should be emphasized once again that 
in this case Vkx−=ωω~ . 
     Formula (17) completely includes all the results of other authors [10–13, 17–19]   at 
1/ <<= cVu , obtained in the nonretarded and retarded limits. In particular, at 0,0 21 →→ TT  
from (16) one obtains the formula for the quantum frictional force between the two smooth 
plates  [13, 17]  
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In turn, in the case of resting plates ( 0=V ), the formula for the resultant energy flux 1P  of the 
thermal field from plate 1 (for definiteness), taking into account (11)–(16), reduces to [8-10]  
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where ( ) 2,1,1)/exp(/1)( =−= iTn ii ωω h .  
     Another useful  expression for the frictional force stems from (17) with allowance for (13)–
(15): 
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It is worth noting that the inner integral in (20) includes the contribution from both evanescent 
and traveling modes. It turns out that Eq. (20) is most convenient when calculating the frictional 
force between normal metals. In the same way, the expression for 1P  (in the case 1/0 <<< cV )  
can be written in the form 
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Obviously, Eq. (21) reduces to (19) at 0=V . Thus, the fundamental results of theory [3-5] (Eqs. 
(1)–(10)) fully include all the results of other authors for the rate of heat transfer and frictional 
force in the configuration of two arbitrary semi-infinite media (thick plates)  in relative 
nonrelativistic motion.     
 
4. Certain consequences and particular cases  
   
In addition to Eqs. (17), (18) and (20) following from (1)–(3), it is expedient to examine some 
other known limits. 
      In the case of low sliding velocity and a rather high temperature TTT == 21 ,  1/ <<wxVk ω   
( h/Tw =ω  is the Wien temperature), the temperature factor in (17) and (20) is 
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On the other hand, in the first-order expansion by V, the quantities with “tilde” in (17) and (20) 
will contain the velocity-independent terms, and the velocity-proportional ones. Therefore, 
according to (20), (22), the first-order-velocity approximation to the frictional force is given by 
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It should be emphasized that all quantities in 2−εQ and  
2−
µQ  (see (13)) must be free of 
“tilde”. In the same way, Eq. (17) reduces to  
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        In the limiting case of absolutely black bodies, 12121 ==== µµεε , the magnitude of the 
integrand in square brackets in (23) equals (–2) at ck /ω<   and zero otherwise. The resultant 
integral yields 
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The same result stems from (24) since 02121 =∆=∆=∆=∆ mmee . At KT 300=  and smV /1=  
Eq. (25) yields 215 /105~ mNF −⋅ . 
      In the particular case 1/ <<cawω  (i. e. ma µ6.7<<  at KT 300= ), if use is made of the 
approximation kck ≈− 2/1222 )/( ω , one obtains )1/()1( +−≈∆ iiie εε  and 22
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( 2,1=i ). Then, for dielectrics and poor conductors, 0≈∆ im ,  and Eq. (24) transforms to 
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For conductors with permittivities ωπσε /4i1 2,12,1 +=  , assuming 12/ 2,12,1 <<πσωw , we have 
1≈eD  and  Eq. (26) yields 
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where 202.1)3( =ς  – Riemann’s zeta-function.    At  11421 10,/1,300 −==== ssmVKT σσ  
(graphite), and nma 10=  Eq. (28) yields 27 /106~ mNF −⋅ .  We note that the value of F 
decreases with increasing conductivities. 
      For good metals, however, the above argumentation is not valid and a more accurate 
calculation is required. In [5], the impedance approximation with the factor 
iiii cck ςεωµεωµε i2/1i2/1222 i/)i()/( =≈−  was used ( iς – the impedance). This led to the 
dependence aVTF 2/12/7 /~ σ  (at a small gap width) for good metals with σσσ == 21  and 
 121 == µµ . The corresponding numerical assessment results in  ~ 214 /103 mN−⋅  [5] at the same 
conditions as above and assuming that 117105 −⋅= sσ . However, as we will show in what 
follows, a more accurate numerical calculation with the use of the exact factor  
2/1222 )/( ck ii ωµε−  for good nonmagnetic metals leads to a considerably higher frictional force.  
 
5. The case of good nonmagnetic metals 
 
Let us transform Eq. (20) to a form convenient for further numerical computation. We consider 
the case of identical metals σσσ == 21 , 121 == µµ , ωπσωε /4i)( = . Then 
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To find the contribution from evanescent waves ck /ω> , we introduce the new variables 
xwωω =  ( h/Tw =ω ) and 22222 /)( axyk wλ+=  ( caww /ωλ = ), 2/ aydykdk = . The most 
important contribution is related to the second term in square brackets of (23). The 
corresponding inner integral transforms to 
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The contribution from propagating waves ck /ω<  is obtained with substitutions xwωω =  and  
( ) 2222222 /, cydykdkyxck ww ωω −=−= . Then we obtain 
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Making use the same substitution for variables k,ω , the integrals corresponding to the first term 
in square brackets of (23) transform to: 
i) evanescent-wave branch 
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ii) propagating-wave branch 
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Finally, substituting (30), (34), (38), (40) into (23) yields 
 
( ) ( )4214210 242 1)exp( )exp(2 ww IIIIx xdxaVF λλπ εεµµ +++−−= ∫
∞h                                                       (42) 
 
 As follows from (34), (40) and (42), the contributions from propagating modes in the force F are 
independent of distance a , and therefore these terms will be insignificant at small gap widths. 
Unlike this, the contributions from evanescent modes will be negligible at large gap widths. The 
calculation results are shown in Figs. 2–5 (the values of xF  are given with a positive sign). 
       Solid curves 1 and 2 in Fig. 2 correspond to the terms 1µI  and 1εI  in (42) (i. e. the 
contributions from evanescent modes). The dashed curve was calculated according to [5], 
namely 
 
a
V
c
TFP 32/52/1
2/7
2/172
)2/7(105
hσπ
ς
⋅−=                                                                                                (43) 
 
where 127.1)2/7( =ς . The contribution from propagating modes in (42) (not shown in Fig. 2)  
are negligible and become more noticeable only at the distances more than mµ10 .  These 
contributions are shown separately in Fig. 3. As one can see from Fig. 2, the frictional force for 
the plates of good metals proves to be 107 times higher in comparison with the original 
calculation by Polevoi [5]. In addition, the dominating contribution stems from the magnetic 
terms in (41).  In the range of the gap widths nma 301 ≤≤  the force goes down slightly slower 
than a/1 , but  with a further increase of the gap width, the slope of the curve is closer to 2/1 a  . 
The increase of the frictional force at a small gap width is physically due to the high values of 
the reflection coefficients of the metal plates, as a result of which the electromagnetic waves that 
acquire the Doppler shift due to their relative motion are repeatedly reflected from plates, 
resulting in an increase in the frictional force. In this case, the magnitude of the frictional force is 
7-8 orders of magnitude higher than in the case of absolutely black plates. 
      Another striking fact is that the frictional force increases with increasing conductivity of 
metals (approximately as 2/3σ∝xF ). This is illustrated in Fig. 4 at various temperatures, 
assuming nma 10= , smV /1= . Note that the relative conductivity 410)300(/ −=σσ  
( 117105)300( −⋅= sσ ) corresponds to poor conductors like graphite. In the same way, Fig. 5 
shows the frictional force as a function of temperature and conductivity. From Fig. 4, 5 it follows 
the fallacy of the claim that the frictional force is maximal in the case of poor conductors of the 
type of graphite [10, 13]. 
       It is interesting to compare the calculated values of xF  with the measured dissipative force 
in experiment [20], corresponding to the geometry of the spherical probing tip (of gold) with a 
curvature radius of mµ1 , moving above a flat Au-coated mica surface: ~ N13105.1 −⋅  at 
 smVnma /1,10 == . Assuming that the tip has the cylindrical form, its end-face has a radius of  
mµ1 , and the gap width is 10 nm, the calculated force xF  proves to be N18108.2~ −⋅ , i. e. it is 
too low to explain the results in [20]. At the same time, the distance dependence ( α−dF ~ ) and 
the temperature dependence )(TF  of the force prove to be close to those observed in [20]. So, 
according to [20], 3.03.1 ±=α  and 6)77(/)300( ≈FF  at nma 20= , whereas from our 
calculation it follows 21÷=α  and 8.5)77(/)300( =FF . 
  
 
Conclusions 
We have proved that the fundamental expressions for the frictional force and the rate of radiative 
heat exchange between two halfspaces (thick plates) separated by a thin gap, obtained in the 
works by Levine, Rytov  and Polevoi , are in full agreement with the works by other authors in 
the case of nonrelativistic relative velocities. The case of relativistic velocities needs a special 
consideration. 
      We also came to the conclusion, that in the case of good metals the frictional force is higher 
by a factor 107 as compared to the earlier assessment by Polevoi. Though the absolute value of 
the frictional force is small compared to the dissipative force observed in [20], its temperature 
and distance dependences agree well with the experiment. Another important result is that the 
frictional force increases with increasing conductivity of the metals.  
        In our opinion, the measurement of the frictional force will be more realistic when using the 
tips with a radius of ~100 mµ . Moreover, it would be interesting to examine the behavior of this 
force at temperatures close to the temperature of superconducting transition, since the growth in 
the conductivity  can compensate its drop  with decreasing temperature. 
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Fig. 1. Configuration of the system. 
 
  
Fig.2. Frictional force per unit surface area of the vacuum contact according to (42) (solid lines ) 
and (43) (dashed line). Dotted line shows the fitting dependence aF /1~ , solid lines 1 and 2 
correspond to the terms 1µI  and 1εI  in (42). The used parameters are: 
smVKTs /1,300,105 11721 ==⋅== −σσ .  
  
Fig. 3. Contributions to frictional force (42) from traveling modes related with the terms 2εI  
(upper curve) and 2µI  (bottom curve), smVKTs /1,300,105
117
21 ==⋅== −σσ . 
 
 
 
Fig.3. Frictional force as a function of conductivity and temperature. 
 117105)300( −⋅= sσ , nma 10=  
 
  
 
Fig. 4. Frictional force as a function of  temperature and conductivity. Lines 1-3 correspond to 
conductivities of 1720 105,105 ⋅⋅ , and 114105 −⋅ s  . 
 
 
 
